1 Fundamentals of Quantum Mechanics

In this chapter we summarize the main elements of non-relativistic quantum mechanics.
We will do so through a list of postulates and principles that can be followed for the
application of the quantum mechanical formalism to specific problems. Although some of
the postulates could be “derived” from more fundamental principles (e.g., the Schrodinger
equation), we will not proceed along that path, which is covered in more elementary
textbooks on quantum mechanics. We will also derive some important results, dealing
with aspects of quantum mechanics that either physical or mathematical in nature.

Most of the material presented in this chapter is taken from Auletta, Fortunato and
Parisi, Chaps. 1-3, and Cohen-Tannoudji, Diu and Lalo€, Vol. I, Chap. 3.

1.1 The Postulates of Quantum Mechanics

1.1.1 First Postulate

At a given time t, the physical state of a system is described by a ket | (t)) (using
Dirac’s notation). From this ket a wave function dependent on position and time can be
defined by the projection onto a basis defined by the bra (r|. That is, the wave function
is given by

P (rt) = (e[ (1)) (1.1)

The symbol (|) is usually called a bracket.

Equation (1.1) is the result of the following two definitions. First, the bracket is by
definition a scalar product

eho= [ dae ox), (1.2)

—0o0

where * stands for complex conjugation. Second, to the ket |r) is associated a Dirac
distribution

Ir) <= (x—1), (1.3)
such that

wlo) = [ dwsx-nvixn

—00

¥ (r,t) (1.4)
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since §* (x) = 0 (x). Note that the “orthogonality” of the |r) kets is apparent from

(r'|r) = /_ood3m5(x—r')5(x—r)
- 6(r—r’)/ood3a:5(x—r)

—00

= 6(r—1'). (1.5)

1.1.2 Second Postulate

For every measurable physical quantity A corresponds an operator A, and this operator
s an observable.

It is often the case that a representation of kets and operators is done through vectors
and matrices, respectively. The action of the operator on the ket, in general, produces a
new ket

o) = Aly), (1.6)

and this action is the mathematical equivalent of the multiplication of a matrix and a
vector. It follows that a bra can be represented by a row vector such that, for example

NN
ol = (Al)
= (y| AT, (1.7)
with AT the adjoint of A and, by definition, (|¢))" = (1/].

1.1.3 Third Postulate

The outcome of the measurement of a physical quantity A must be an eigenvalue of the
corresponding observable A.

Since observables are related to physical quantities, then the matrix associated with
them must be Hermitian. This is because the eigenvalues of Hermitian matrices are real
quantities (in a mathematical sense). Recall that a matrix is Hermitian when

A~

Ay = A%, (1.8)

Alternatively, a Hermitian operator is one that is self-adjoint. That is,

Al = A (1.9)

When the matrix is of finite dimension the eigenvalues are quantized (a “matrix” of
infinite dimension would correspond to a continuum; for example, a matrix acting on
|r) would have to be of infinite dimension as |r) encompasses the continuum made of all
possible positions).
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1.1.4 Fourth Postulate

The ket, say |1 (1)), specifying the state of a system is assumed normalized to unity.
That is,

(@) ¢ () =1. (1.10)

Alternatively, the associated wave function is also normalized, since

W6 ) = /wd%wﬁﬁiﬂﬂxﬂ

—0Q0

- /md%ﬂ¢&¢W

—0o0

- 1. (1.11)

This ket can also be expanded using any suitable (complete) basis of kets. For example,
using the {|r)} basis we have

[ () = /Oo drec(r,t)r), (1.12)

—0oQ
where ¢ (r,t) is a complex coefficient (for this particular case it is actually the wave
function itself, see equations (1.1) and (1.4)) resulting from the projection of |¢ (¢)) on
(r|. Equation (1.12) can therefore be written as

¥ (1)) = /Oo &r[(r]v ()] [r). (1.13)

—00

Rearranging this last equation we have

[ (1) = [/OO d3rlr><r|} ¥ @), (1.14)

—0o0

which implies that
/ Brr)(r| =1, (1.15)

where 1 is the unit operator (or matrix). Similarly any other normalized ket |p) that can
be expanded with a (complete) discrete and orthonormal basis |u;) (i.e., (u;|uj) = 6;5)
with

o) = D [{uil o)) |us)

i

= > cilu), (1.16)

i

is also normalized to unity, and we have the following relation for the basis
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Z i) (ui| = 1. (1.17)

Equation (1.17) (as well as equation (1.15)) is a completeness relation that must be
satisfied for the corresponding basis to be complete. In consideration of these facts and
definitions, we can state the fourth postulate of quantum mechanics as follows:

In measuring the physical quantity A on a system in the state |1), the probability of
obtaining the (possibly degenerate) eigenvalue “a” of the corresponding observable is

P =Y [ | o) (118)

for discrete states, with g, the degree of degeneracy of “a”, and {‘uw} the set of degen-
erate eigenvectors. For continuum states the corresponding probability is given by

dP (a) = |(va | )] da, (1.19)

where |v,) is the eigenvector associated with the eigenvalue “a”.

We can apply this postulate to the case of a discrete degenerate state by starting with
a generalization of equation (1.16)

|oh) = Zic; |ub) . (1.20)
n =1

Projecting this state on the set of states ’u,]n> of degeneracy g, (i.e., j =1,2,...,9m),
and taking the sum of the square of the norm we get

gm gm gn 2
. 9 S
D[ ) = 21320 e (uln | un)
j=1 j=11 n =1
gm gn 2
- ST
j=11 n =1
gm
= Y || (1.21)
j=1

We therefore see that the probability of finding the system in a state (or group of states)
possessing a given eigenvalue is proportional to the square of the coefficients ¢, that
appear in the expansion defining the state in term of the basis under consideration (as
is evident from equation (1.20)).

Alternatively, we define the projector B,
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g’n
Br=>" fuf ) {ul] (1.22)
i=1

as the operator that projects a given state, say [1), on the subspace containing the set of
eigenvectors {‘uﬁ)} that share the same eigenvalue. For example, using equation (1.22)
on |¢) we find

gn
Palgy = 3 fun) (un [¥)
= > i luh), (1.23)
=1

and it is clear from a comparison with equation (1.20) that the only part of |¢)) that is
left is that corresponding to the subspace containing the eigenvectors {|u2>} It should

be clear that there are as many projectors B, similarly defined through equation (1.22)
for all possible g,,, as there are independent subspaces. We then have a generalization of
equation (1.17) with

ho= YR,
A

n =1

= 1, (1.24)

where the unit operator 1 covers the full space. For a continuum of states, the projector on
the subspace {|v,)} corresponding to the domain of eigenvalues specified by a1 < a < ag
is

~ az
Pag = / [va) (val da, (1.25)

and for the full space we have

(;U>

Il

8

<
S/
=
s

Q.

S

= i (1.26)

It is important to note that projectors can always be used to define quantum observ-
ables as follows (for the discrete case)

A=>"anb,. (1.27)
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When applied to an eigenvector

um> the operator yields

A ‘ufn> = Z anP, ‘uj

= D an Z ) (uy, [ )
i=1

n

In
= ZanZ’u;>6z]6mn
n i=1
= am|ul,). (1.28)

That is, when operating on an eigenvector the observable yields a measurement of the
associated eigenvalue. For continuous states the counterpart to equation (1.27) is

A= /daaP (a), (1.29)

with P (a) = |va){va|. It is, however, important to note that the action of an observable
on a generic state vector does not always yield a measurement (i.e., the result is not the
same state vector multiplied by its eigenvalue). For example, let us consider the state

) = ¢1§ (lun) + Ju2)) (1.30)

then with A defined with equation (1.27)

Alg) = ¢1§ (ar fur) + a2 [uz)) (1.31)

Rather than resulting in a measurement this process yields a transformation of the initial
state vector.

Finally, it can happen that the spectrum (i.e., the set of all possible eigenvalues) of
an observable contains both discrete and continuum subspaces. For example, if the
eigenvalues a > a,, are part of the continuum then

P = Pd-l-P

— ZZ‘U <un‘+/ |va) (va| da

n<m i=1

= i (1.32)

Exercise 1.1. Let us consider a three-dimensional discrete space where an observable
A has the following eigenkets, represented as column vectors,
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|u1)

[u2)

[u2)

1

0 (1.33)

0
(] (1.34)
R (1.35)
v . |

The ket |u7) has the eigenvalue a;, while ‘u%> and ‘u%> are degenerate and share the eigen-

value ay. Determine i) the matrices for the projectors P; and P, for the two subspaces
that span the whole three-dimensional space, i) the matrix for the overall projector of
that three-dimensional space, iii) the matrix for the observable A, and iv) verify that in

— P,

general ]SJ”

Solution.

First, we can verify that all the eigenvectors are normalized. That is,

(ur | ug)

(uz [ ug)

(u | u2)

1
(1 00)fo0
0
1 (1.36)

1 (1.37)

1. (1.38)

It is also straightforward to verify that they are mutually orthogonal. That is, <u1 ‘ u§> =

@>:awmm¢j

i) For the projectors we have

i
(v
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b= Jur)(u
1
= [0](1 0 0)
0
1 00
= 0 00 (1.39)
0 00
and
Py = fug)(ua| + [uz) (|
1 0 0
= |1 |(01 =)+ 1 J(0 1 4)
{ —i
1 00 O 0 0 O
0 1 0 —i 1
0 00
= 010 |. (1.40)
0 01
i1) The projector for the three-dimensional space is therefore
P = P+P
1 00 0 00
= 000 ]+{010
0 00 0 01
1 00
= 010
0 01
= 1 (1.41)
iii) Using the {]ul) ) u%> ) u%>} basis we can determine the matrix representation for

the observable as

A = alpl—FanQ

al 0 0
= 0 ay 0 |. (1.42)
0 0 ag
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And it is easy to verify that A|u;) = a1 |u;) and A ub) = ag |uh), with i =1,2.
iv) For any projector, either in a subspace or the full space, we have

po= Pjn_QPjZ
- eyl
l
- eyl
Im
= PP ) b (|
lm
= Y |
m

(ub| >y ae]

_ pn—1
= P (1.43)
and through repeating the same steps another n — 2 times we can easily find that
Pr =P (1.44)

1.1.5 Fifth Postulate

If the measurement of the physical quantity A on a system in the state |1) gave the value

a” as a result, then state of the system immediately following the measurement is given
by the new state |¢)') such that (for discrete states)

= Bl

(s]8a]v)

where P, is the projector corresponding to the subspace of eigenvalue a. This postulate
simply ensures that the new ket (or wave function) describing the system after a mea-
surement is suitably normalized to unity. Indeed, we can verify from equations (1.20)
and (1.22) that

(1.45)
P,

N ey Jun) (un | 9)
V) VT (W[l (ud, [4))

_ X |u) (1.46)

/ 12
?21 |ch|

and therefore
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<¢, ‘ 1/J/> _ 521 <u3 ‘ (C‘ZL) .‘ ‘j]”l c |uﬁL>

e,

. *
gn In 1S,
j=1 2ui=1 (sz) i

= 1. (1.47)

It is important to note that some wave functions, related to observables possessing
a continuous spectrum, are not normalizable. For example, let us consider the one-
dimensional case where an eigenvector |1) is expanded using the basis {|{)} associated
to some observable f as follows

rw>=t/“3d§c@>m>, (1.48)

—0o0

with £ a variable possessing a continuous spectrum and ¢ (£) = (£|). Resorting to the
(one-dimensional) position representation we can also write

¢(¢) =<4[ZMM@MQ

- [”m&mwﬂw

_ /_Oo d o (2) ¥ (z), (1.49)

with ¢¢ () = (z]&) and, as usual, ¢ () = (x|9). Projecting equation (1.48) on (z|
gives

b(@) = (z]v)
=/:@d@@m
—/ﬁ@do%@%

which upon insertion in equation (1.49) yields

c@:/m%%@ﬂ/mM%@mum (1.50)

—0o0 —0o0

10
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and we must therefore have

[ arei@ee@=s(c-¢). (151)

—0o0
It is clear that setting & = £ in this equation shows that the wave function ¢ (z)
associated to the observable f , which possesses a continuous spectrum, is not normalized
since the probability |c¢ (£ )|2 d€ that it is found between & and £ + d€ is infinite. Nonethe-
less, such representations are still useful as ratios of probabilities at, say, two values &;
and & can still be evaluated. That is, |¢ (&1)|% /| (&2)]* is a well defined and meaningful
quantity.

1.1.6 Sixth Postulate

The dynamical evolution of a quantum mechanical system can be calculated using dif-
ferent approaches. Originally, Heisenberg and Schrédinger independently came up with
different but equivalent pictures, but other points of view also exist (e.g., Feynman’s sum
over histories or path integral approach). For the present chapter we will concentrate on
the Schrodinger picture (and the corresponding equation), while other approaches will
be investigated later on.

Although it is possible to give a “derivation” of the Schrédinger equation, it is sufficient
for our purposes to introduce it as the sixth, and last, postulate of quantum mechanics:

The time evolution of the state vector of a system is dictated by the Schréodinger equa-
tion

1 (0) = B (1) (1), (152

where ﬁ(t) is the Hamiltonian of the system, i.e., the observable associated with the
energy of the system.

In most cases, we will be dealing with a time-independent Hamiltonian that has so-
called stationary states whose norms do not change as a function of time (see below).
It is also easy to see that in this case a formal solution to equation (1.52) is

[ (8)) = e 17 |y (0)) . (1.53)

In cases where [ (0)) = |), with |¢) is an eigenvector of H (i.e., one of the aforemen-
tioned stationary states), equation (1.53) becomes

[ (1)) = e ) (1.54)

for E the energy eigenvalue associated with the state |¢). It is clear that

W@ ®) = (ele), (1.55)

and if we insert equation (1.54) into the Schrédinger equation (i.e., (1.52)), then we find
that

11
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Hlp) = E|p). (1.56)

Equation (1.56) is often referred to as the time-independent Schrédinger equation.
Finally, we note that in the more general case |1 (0)) can always be expanded with the
basis {|¢n)} containing the eigenvectors of H of energy eigenvalues F,, with

% (0)) =D ¢n (0) |ion) - (1.57)

It follows from equation (1.53) that the time evolution of a given state | (t)) is expressed
as

[0 () =D e e, (0) |n) (1.58)

It is important to note that since the observables r and p associated with the position
and the momentum, respectively, do not commute (i.e., - p # p - I; see Section 1.3) and
that they usually appear in expressions for the Hamiltonian, rules of symmetry must be
used when dealing with their products. For example, the following transformation would
be applied for the simple product - p

G-p+p-i). (1.59)

N | —

Pop—>

1.2 The Principles of Quantum Mechanics

A few principles need to be added to the previous postulates in order to use the formalism
of quantum mechanics to make predictions on experiments, and to ensure that it is
consistent with the results of classical mechanics on the large scale.

1.2.1 The Principle of Superposition

We already know that the state of a quantum mechanical system is entirely contained
within a ket, say, 1, which can be a function of time. It may be the case, however,
that several different states ¢;, with j = 1,2,...,n, are available for the system. The
Principle of Superposition then states that

If several states are available for a quantum mechanical system, then it can also be in
any possible linear combinations of them.

In mathematical terms this means that the most general form for the state ¢ of the
system is given by

=" ciley) (1.60)
j=1

where ¢; = (pj|9) are complex coefficients. As we shall see later, the superposition of
states is essential to explain the coherence observed in quantum mechanical systems.

12
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1.2.2 The Principle of Complementarity

The superposition of states is responsible for the presence of interference (and coherence)
in quantum mechanical systems. This experimental fact can be understood if one accepts
that a system evolves as a “wave” (i.e., according to the Schrodinger equation) while mea-
surements always yield the detection of particles (e.g., photons, electrons, etc.). This was
first made explicit by Bohr when he enunciated his Principle of Complementarity,
which can be stated as follows!

It is not possible to describe physical observables simultaneously and completely in terms
of particles and waves.

What this principle implies is that attempts to acquire knowledge on the state of a
system (e.g., the path a particle takes) cannot be accomplished without disturbing it
and changing its state. In other word, the interference that would be detected for the
undisturbed system (i.e., the wave-like behaviour) will be affected by the act of acquiring
information on its state. It is important to emphasize that this complementarity does
not imply that the wave character of the system has to be completely suppressed in the
process (although it can be).

1.2.3 The Correspondence Principle

Although the picture of the microscopic world provided by quantum mechanics is often
completely at odds with what we would expect on large scales with classical mechanics, it
must be that the two realms are consistent with one another and come to an agreement
at some intermediate scale. Importantly, predictions made with quantum mechanics
must agree with those of classical mechanics in conditions where the applicability of the
latter is warranted. This requirement is formulated through Bohr’s Correspondence
Principle

Quantum mechanical physical quantities should tend to the classical mechanical coun-
terparts in the macroscopic limit.

Mathematically, the macroscopic limit is reached when the Planck constant h is negli-
gible compared to the action of the system?. In such cases, quantum mechanical effects
and phenomena have no consequence on the behaviour of the system.

!There are many different ways with which the Principle of Complementarity can be stated. Alterna-
tively, Auletta, Fortunato and Parisi define it with “ Complete knowledge of the path is not compatible
with the presence of interference.”

>The action is defined by S = [ L (qi,di,t) dt, where the Lagrangian L (g;,d;,t) is a function of the
generalized coordinates ¢; and velocities ¢;, and potentially time (i = 1,...,n, with n the number of
degrees of freedom of the system under consideration).

13
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1.3 The Position and Momentum Operators and their
Commutators

Two measurable physical quantities that are included in the expression for the classical

Hamiltonian are the position r and the momentum p vectors. Correspondingly, it is

necessary to introduce these operators r and p when setting up the quantum mechanical
Hamiltonian. These two operators can be broken down into the usual three components

Te, + ge, + Ze, (1.61)
P = P& +ﬁyey +p.e.. (1.62)

>

The complete basis {|r)} contains the eigenvectors for ¥. More precisely, we can write

r) = [) [y) [2) (1.63)

and
Ty =z|z) (1.64)
Zlr)y==x]r). (1.65)

Similar relations hold for § and 2. We can also define a complete basis {|p)} of eigen-
vectors for the momentum operator such that

P) = I[pz)Ipy) IP2) (1.66)
Da ’pw> = px‘pz> (1.67)
Pz P) = pzlP), (1.68)

and so on. The question is: what is the representation for p when acting on the basis |r)
(or that of  on {|p)})? To answer this question we first note that the momentum basis
satisfies relations that are similar to that satisfied by the position basis. That is,

Ipo) < J(p—Ppo) (1.69)

(plp) = d(p-P) (1.70)

/ Iplp)pl = 1 (1.71)
plyy = ¥(p). (1.72)

We now combine equation (1.70) with equation (1.15) for the completeness of the |r)
basis

14
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(p|p) = (r[p')
)v (r;p')

= (1.73)

38

\\

where v (r;p) = (r|p) and is to be determined. Alternatively, we can combine equation
(1.5) and equation (1.71) and get

" il (o)

d*pv (r;p)v* (r'; p)

x|r) =

\\

—00

I
(=%

—r'). (1.74)

We can consider equations (1.73) and (1.74) as the relations that define v (r; p). One
form that satisfy these conditions is

o
(2mh)3/?
with & Planck’s constant (divided by 2).

v(r;p) = eip'r/h, (1.75)

[Note: The fact that equation (1.75) satisfies both equations (1.73) and (1.74) can
be verified by considering the Fourier transform pair between a function f (r) and its
transform f (p)

10 = o [T (1.76)
= ;)3/2 | arrween (1.77)

These equations imply the following duality between the Fourier transform and its
inverse

f(r) <= f(p) (1.78)
f-r) = [f(p). (1.79)

For example, if we set f (r) = § (r —r’), it is then easy to show from equation (1.77) that

15
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(p) = (27;&)3/2/ &*ro(r—1') e~pr/h
1 e—ip-r’/h
(27rh)3/2

|

Therefore, from equations (1.76) and (1.79) we have

O 1 > 3 1 ir-p’/h| —ir-p/h
d(p-p)= 7(27771)3/2 _Ood r (27?71)3/26 e ) (1.80)

which is the same as equation (1.73) when v (r; p) is given by equation (1.75). Similarly,
we can first set f (p) =0 (p + p’) in equation (1.76) to get

1 0 |
fr) = @ / d’ps (p + p') e®*/"
s —00

1 —ip’-r/h
(27rh)3/2 ‘ 7

and again from equations (1.77) and (1.79)

(5(—r+r’) = (5(1‘—1")

1 * 3 1 —ir’-p/h| jir-p/h
= G [ [ |

which is the same as equation (1.74) with v (r;p) defined by equation (1.75).]
Having established that
(r|p) = —— P/ (1.81)
(2mh)3/? ’

consider equation (1.1) while using the completeness relation for {|p)} (i.e., equation
(1.71))

¢ (r,t) = (rly(t)
_ / dp (r|p) (p | (t))

1 o ip-r/h,
= (27rh)3/2/ood3p6p /ri/) (pat)a (1-82)

with ¢ (p,t) = (p|v (t)). It is therefore apparent from this last equation that the two
different forms of the wave function are related through the Fourier transform pair

16
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Y (r,t) <= ¥ (p,t). (1.83)

Finally, consider the action of the momentum operator on the ket |¢ (t)) with

@|plw) = /°°d3p<r|mp><prw<t>>

—0o0

_ /°° dpp (r|p) ¥ (p,t)

—00
1

_ > 3 ip-r/h T
= P /_Ood ppe®* ") (p,t)

= —ihV [(%;)3/2 /_ ) d*pe®r/My (p,t)]
= —ihV (r|v(1)). (1.84)

We therefore find the fundamental result that the action of the momentum operator in
the position basis {|r)} is represented by

p = —ihV. (1.85)

In quantum mechanics the order with which measurements are made (or we apply
operators) can be important. For example, the act of measuring the momentum of a
system can affect its position, and vice-versa. It is therefore interesting to calculate the
difference between two sets of operations. Consider the following

|A) = (&P — PE) [¥) , (1.86)
the ket resulting from the difference between operating with the momentum before the

position on a system |¢) and the opposite sequence. To proceed further, we project both
sides of equation (1.86) on (r|, and use equation (1.85) to get

(rlA) = (c[(EFp—pr)[¥)
= r(r|p[¥)—(r|p(F[¥))
= —ih[rV{r|¢) =V (r|t|y)]
= —ih[rV{(r|¢) =V (r(r|v))]
= —ih[rV (r[y) —1(r|¢p) —rV (r|y)]
= ind(r|v).

ikl (1.87)

17
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dtia \TC
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DETECTOR
SOURCE o f\_ _@_\_«_ _________ %

Figure 1.1: The Young double slit experiment where electrons are diffracted by two nar-
row slits separated by a distance d to a screen some distance L away. From
The Feynman Lectures on Physics - Vol. IL

or alternatively

[P, Pk] = ik, (1.88)

where [, p] is the commutator of & and p. It should also be obvious that
75, 7k] = [pj, Dx] = 0. (1.89)

Exercise 1.2. The Young Double Slit Experiment and the Principle of Com-
plementarity

Let us consider the double slit experiment shown in Figure 1.1, where electrons are
emitted from a source and diffracted by two narrow slits separated by a distance d to a
screen some distance L > d away. i) Find the probability density P (x) of detecting an
electron at position x on the detector, assuming that the transmissivity through the two
slits are A% and B? (with A2+ B2 = 1), and 4i) vary A (and therefore also B) to discuss
the system’s behaviour from the point of view of the Principle of Complementarity.

Solution.

i) As we have seen with the Sixth Postulate, a quantum mechanical system in a
stationary state ¢ (r,%p) of (constant) energy E at time ¢y will evolve according to the
Schrodinger equation such that at a later time ¢ the wave function becomes (see equation

(1.54))

W (r,t) = e U0y (v 1) (1.90)

18
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For simplicity, let us set ¢ (r) = 9 (r,%p) from now on. For a free particle, such an the
electron in this set-up, the time-independent Schrodinger equation is

Ho(r) = - (r)
- Lo
= FEo(r). (1.91)
and is easily solved to yield
p(r) = Ae®T/N, (1.92)

with A some constant we choose to be real and greater than 0 (note that this wave func-
tion is not normalizable over all space). These equations also imply that E = p?/ (2m).
Referring to the figure, as an electron diffracts it will acquire a different phase depending
which path (i.e., paths 1 and 2 in Figure 1.1) or slit it goes through as it reaches the
detector at point z. Allowing for the possibility that an electron goes through either or
both slits, we use the Principle of Superposition and write for the wave function of the
system at z and time ¢ (we set tg = 0 for simplicity)

) (r,t) = Ae!Pmi=EO/h | peilpr2=EN/L (1.93)

The probabilities (or the corresponding transmissivities) that an electron goes through
paths ry and ry are proportional to, respectively, A% and B2, with A2 + B? = 1. The
probability density P (z) of detecting an electron at x on the detector is given by

Px) o [¢(r,t)f

o« A?+ B? + 2AB cos (0p) (1.94)
with (using p = hk)
d = 1o (r-m)
0o = hp ry —ra
xd

The set consisting of equations (1.94)-(1.95) is a good solution for the problem as long
as x < L, and its oscillatory behaviour is a typical example of quantum mechanical
interference or coherence. Notably, we have that P, oc A24+B2—2AB, at x = nL\/ (2d)
(with |n| = 1,3,...), and Pyax < A2+ B?+2AB, at x = mL\/ (2d) (with |m| =0,2,...).

ii) Let us now quantify the wave characteristics of (or level of interference in) the
system with the visibility (remember that A2 + B? = 1)
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Pmax - Pmin
Vo= Pmax + pmin
= 2AB. (1.96)

We further introduce the predictability (with 1/v/2 < A < 1, such that 0 < Pr < 1)

Pr=A*- B (1.97)

We see that for A = B = 1/4/2 the visibility is maximum at V = 1, while the predictabil-
ity is minimum with Pr = 0. The converse is true when A =1 (and B = 0) where ¥V = 0
and Pr = 1. The predictability is then tied to the precision with which we can assert
through what slit the electrons are likely to go through. That is, when A = B = 1/1/2 an
electron is as likely to go through either slits (i.e., we have complete unpredictability with
Pr =0) and the systems exhibits the maximum amount of wavelike behaviour (V = 1),
while if A = 1 and B = 0 we are certain of the provenance of the electrons (i.e., we
have total predictability with Pr = 1) and the systems loses its wavelike characteristics
(V = 0). We thus find that visibility and predictability are in opposition. In fact, it is
easy to verify from equations (1.96)-(1.97) that

VZ4 Pr?=1. (1.98)

We can associate this last equation to the Principle of Complementarity. That is, by
increasing the degree of knowledge we have on the path taken by the electrons (the pre-
dictability) we suppress the amount of interference exhibited by the system (the visibility
decreases), and vice-versa. We see that the complementarity between the particle and
wave behaviours varies smoothly with the value assigned to A, i.e., complementarity is
not limited to all of one of the other.

1.4 Matrix Elements, Expectation Values, and Unitary
Operators

1.4.1 Matrix Elements

In case of an arbitrary observable O for which a basis {|u;)} does not consists of its
eigenvectors, we can always write

O = 3 |uw|O
=3 ) s O ) {u
1,5
— ZOij‘Uz’><uj’7 (1.99)
,J
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where O;; = <uz

O ‘ uj>. It can easily be shown that O;; are the matrix elements of the

observable O when represented using the basis {|u;)}.

Exercise 1.3. i) Consider the following two-dimensional basis

and the observable

Calculate the matrix elements O;;

equation (1.99).

i1) Now consider the new basis

v1)

[v2)

) = (é) (1.100)
lug) = (?) (1.101)

O11 Or12
= . 1.102
( O21 O2 > ( )

~ (u

O ‘ uj>, and verify that O is recovered with

= (u) + i )

< 1 ) (1.103)

= 5 (Jwm) —ilug))

_ \}5 ( _11 > (1.104)

5= %

>

and the matrix representation of the observable for this basis

/ /
O = < 11 12 ) 1.105
L Oh (1.105)

Calculate O;; = <vl~ o

Solution.

vj>. What do you conclude from these calculations?

i) We can easily determine the matrix elements with

O11

<u1
ooy (5o (h)

O, (1.106)

O

)
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as expected, and similarly for O;; using the other possible combinations of ¢ and j. It is
also easy to show that since, in this case,

el = (g o)
wwl = (o)
bl = (9 5)
el = (o 1),

then we have from equation (1.99)

A O11 Or2
0= . 1.107
< 021 O > ( )

ii) Things are different with the {|v;)} basis. Although it would be possible to calculate
O using matrix and vector multiplication as was done for equation (1.106), it is perhaps
easier to proceed as follows. We first note that we can write

2

01) = ) Cim |tm) (1.108)
m=1

and therefore

O/

Oij = <’U7; Uj>
2
J— * .
- CimCin \ Um

m,n=1

O/

)

2
= Y nCinOmn (1.109)
m,n=1
where we used our result from part i) for the last step (see equation (1.106)). The
coefficients are easily determined from equations (1.103) and (1.104) (i.e., ¢c11 = co1 =
1/\/5 and cj9 = —cg9 = z/\@) It follows that

On = %[( 11+ Ohy) +1i (015 — 0y)] (1.110)
O = %[(031—0’22)—1(012+0’21)} (1.111)
On = 5 [(Oh ~ Oh) +i (O + Oly)] (1.112)
On = L1(0% +0%) ~ (0%~ Op)]. (1113)
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It is apparent that the form of the matrix elements O;; is more complicated when
the basis used is not the simplest (Cartesian) basis as that given by equations (1.100)-
(1.101). That is, it should not in general be assumed that the elements obtained with

<Ui O/
this case O;; # O};).

vj> will yield those of the matrix in the corresponding representation (i.e., in

1.4.2 Expectation Values

O ‘ ’LL]'>
to <1/J ‘ O ‘ 1/)>, where |1)) is the state of the system, and inquire as to the meaning of

this quantity. We now assume that the basis {|u;)} is composed of eigenvectors of the
observable O, and expand state ket

Let us now generalize the notation we used to define the matrix element <u1

) = eilw). (1.114)

We now write

(0), = (v]o])
— ;cfcj' <uz “j>
— chchj (ui | ug)

i,
= ZC?C]'OJ‘(SU
i,
2
= > ¢l o;. (1.115)

J

O

Since the probability of finding the eigenvalue o; (or, equivalently, to find the system in
state |u;)) is given by P (0;) = |¢;j|* (see equation (1.21)), we find that

<OA>¢ =3P (0))o; (1.116)

It should be clear that <O>w is simply the average of the eigenvalues of O. Since the
ket 1) can be expanded using any complete basis, not only the basis {|u;)} composed of
its eigenvectors, it follows that the relation <1p ‘ O ) w> is basis independent. That is, we
can extend this definition for the expectation value <121 to any observable A for any

(normalized) state ) of a quantum mechanical system whether or not it is expanded
with the observables eigenvectors
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<A>w - <¢‘A‘¢>. (1.117)

Finally, we note that equation (1.117) can be expressed using the wave function 1 (r)
through

<fl>w = /_O; dBr (| r) <r

_ /OO dPr o (r) A (r), (1.118)

—00

Alv)

where we defined At (r) = <r ‘ A ‘ w> (e.g., if A = p,, then P, (r) = —ih 0y (r) /Ox).

1.4.3 Unitary Operators and Change of Basis

Given a state vector |1), we are, as we already know, free to expand it using any complete
basis existing for the corresponding space. For example, if {|u;)} and {|v;)} are two such
bases, then we can write

) = > eilw) (1.119)
= > dilv) (1.120)

where ¢; = (u; | ) and d; = (v; |¥). The two bases are related to each other through a
transformation such that, for example,

lvi) = Zl%’)(uﬂ |vi)
= Z(uﬂm |uj)
= Y Usily), (1.121)

where Uj; = (u; | v;). Inserting equation (1.121) into equation (1.120) we find
)y = Y di Y Ujiluy)
i J
- S [sua

J

luj) (1.122)
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which implies, from equation (1.119) that

c

;= Z Ujid;.

(1.123)

We therefore see that Uj; are the elements of the transformation matrix U between the
two bases. Interestingly, if we consider the adjoint of U and calculate UTU

or

Similarly, we can show that UUT
matrices.

We saw in the previous section that matrix elements are of the form O;; = <vi

1.

= ZUijﬂ

= ) ([ voe)* (| vi)
i

= ) (o lug) (uy | vi)

J

= (v Z\uj><uj| |vi)

Ut =1.
Matrices that verify Ut =01

(1.124)

(1.125)

are called unitary

0lv;)

in the basis {|v;)}. Let us now consider the trace of the matrix, while introducing a

change to the basis {|u;)}

Tr (()) =

which we are free to rearrange as

$°0;

> (u]0]

Z [(w;] U] O [Uni |ug)]

i7j7k

> (sl (U5:0Uk) )

i7j7k

O
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|u)

Tr (o) - %;w [é (ZUkU]>
- Zajk<uj‘é w)

uj>, (1.127)

with the result that the trace of an operator is independent of the basis used.

We can also verify that a unitary transformation preserves the scalar product between
two arbitrary kets (vectors). For example, let us consider the kets |p1) and |ps2) that
can be expressed with two bases {|u;)} and {|v;)} related by a unitary transformation U
through (see equations (1.121))

|v;) = ZUﬁ |u;) . (1.128)

As was previously done, we also write (a = 1,2)

0a) = cailus) (1.129)
= > dailvi), (1.130)
while we know from equation (1.123) that
Coi = Y _ Uidap. (1.131)
k

When calculating the scalar product, first using in turn equations (1.129), (1.131) and
(1.124),

(1lga) = D chica; (ui|uy)
,L‘?j

*
= E C1;C2i
)

= ) didemUiUin

i,k,m

= > dipdomOim (1.132)

k,m

and now with equation (1.130)
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(prlpa) = D dipda
k

= > dijda (v | k), (1.133)
7.k

and we therefore see that the unitary transformation U does not affect the scalar product.
That is, any of the two bases can be used for the expansion of the kets resulting in the
same outcome for the scalar product.

Finally, it is straightforward to verify that unitary transformations preserve the form
of the commutator for two operators. Since for a ket transformation [¢/) = U |[¢)) we

have <¢’ A ¢/> = <¢ ’ UtA'T ’ w>, then it must be that
A=UTAT, (1.134)
and therefore
[4.8] = [0140,0187]

A Voraad: Logi ol : Coroad

Ut [A’,B’} 0. (1.135)

Importantly, for two canonical operators Q and P, where [Q, f’} = ih1, we have

[Qgp/} - 0[@,15} ot
— Uiniot
= nd. (1.136)

Exercise 1.4. It should be apparent by now that the coefficients ¢;; in equation (1.108)
are those of a unitary matrix. Write down that matrix, verify that it is unitary and the
trace of the operator O is invariant under the change of basis.

Solution.

Referring to equations (1.103)-(1.104) we can readily write the matrix containing the
c;j coefficients of equation (1.108) as

U:\}Q<1 _1@) (1.137)

We therefore have
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N
-
-
~.
~_
N
— =
<. |
-~
N~

[ — DN =

Il

—> pO
N
[l N}
N O

)

which verifies that the transformation is unitary. Using equations (1.110) and (1.113) we
can calculate the trace of O in the {|u;)} basis with

(1.138)

1 .
B [(O11 + 0%) =i (015 — O3;) ]

11+ Obs, (1.139)

O11+ 099 =

and the trace is invariant under the change of basis.

1.5 The Heisenberg Inequality

Whenever two observables Q and P satisfy the same commutation relation as the position
and momentum operators, i.e.,

[Q, P} = ih, (1.140)

they are said to be conjugate operators. Let us assume that the mean value of both
operators is zero, i.e.,

Q =

(1.141)

{
0

P — <¢)P
0 (1.142)

This is not a restriction, since we could always define new operators by subtracting Q
and P from Q) and P, respectively, in the event that they were not null. Now consider
the following quantity

= (ol o) (o] ). 1119

If we define new states such that
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) = Q) (1.144)
12) = Ply), (1.145)

then using the Schwarz Inequality we can write

= (1]1)2[2)
(112) 2]1), (1.146)

since (12) is a scalar product. We can rewrite the last part of this inequality as follows

Y

(2 e = [

—~

1[2) + (2| 1))* = ((1]2) — <2\1>)2}

(o] @) (o] 2]} - (s @2 ]s) - (o] e
((v]ap--7a]s)* - (o] 0P - p2 )’

(o] {22} 9))" - (el [ 7)) o

The quantity {Q, P} = QP+JSQ is commonly called the anti-commutator, for obvious

)]

N

P N A S L=

reasons. We should note that

((vH{ap}w)" = [(v[{er}]v)]

> 0, (1.148)
since <1/1 ’ {Q,P} ‘ 7,/1> = <¢ ‘ {Q,P} w> because Q and P are observables (i.e., Her-
mitian operators). Taking this result into account, we can now insert equation (1.140)
into equation (1.147) and find

A . h2
(o] @[ e} (o] P*]w) = T (1.149)
This last equation is a generalization of the so-called Heisenberg inequality, which
is usually written as follows

AQ-AP > g (1.150)

with
AQ = y/(v]|@|v) (1.151)
AP = <¢‘P2)u)>. (1.152)
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1.6 Diagonalization of Operators

It is often the case that given an operator A we require to find its set of eigenvalues {a;}
and corresponding eigenvectors {|v;)}, such that

Alvg) = ai|v;) . (1.153)

We start with a basis {|u;)}, which is not that containing its eigenvectors, and write (see
equation (1.121))

05) = > Ukj lug) - (1.154)
P

Let us now consider the following

<ui Uj> = ZUk3<uZ
k

= > UjAir
k

= a; (ui|v))

= ;> Ukibin, (1.155)
k

A A

N

where A;;, = <u2

A ‘ uk> The second and fourth equations imply that

> (Aik — a;0i) Uy; = 0. (1.156)
k

A non-trivial solution to the system of equations specified by (1.156) will be obtained
by setting the following determinant to zero

|Air, — adi| = 0, (1.157)

when the eigenvalue a = a;. In other words, this is just a typical eigenvalue problem
where all eigenvalues can be evaluated with equation (1.157). Once the eigenvalues a;
have been found, the elements Uj; of the unitary matrix U can be determined with
equation (1.156). Multiplying equation (1.156) from the left with UT we write

Z(UT) AiUy; = Z(UT>miaj5ikUkj

ik m ik
— . 7T ,
- Y ; (U )mk Uk]
= ajémj, (1.158)

or in matrix form

30



1 Fundamentals of Quantum Mechanics

UTAU = A (1.159)
with A a diagonal matrix whose elements are the cigenvalues a; (i.e., Apj = a;j0m;).
Exercise 1.5. Since the diagonalization procedure will often be applied to observables

(i.e., Hermitian operators), we consider the case of a two-level system with the corre-
sponding two-dimensional Hamiltonian matrix

~ ( EY Hyp
H_<Hf2 B ) (1.160)

where EY and ES are the energy eigenvalues of a quantum mechanical system when
unperturbed (i.e., when His = 0) by some interaction with the external world. The
off-diagonal elements Hip and H7, are thus representative of that perturbation. In the
unperturbed state the quantum mechanical system can be in the corresponding states
|ul) and |u3). Diagonalize the perturbed Hamiltonian (i.e., equation (1.160)) find the
perturbed eigenvalues F; and Es and the corresponding kets |u;) and |ug).

Solution.

A straightforward application of equation (1.157), after substituting a — E and A;; —
Hjj., for the determination of the eigenvalues of the Hamiltonian yields

(EY — E) (B9 — E) — |Hio|*> = E*— (E)+E9)E - (|H12|2 - E9E3>
= 0, (1.161)

with the following roots

Bio = 5 |(B0+B) %\ /(B0 + B)" 4 4 (jraf? — YY)

N = N

{(E? +B3) + \/(Eg — BY)" +4 \H12|2] : (1.162)

If we set for convenience EY < EY, then we can write (with By < E»)

E, = EY-5S (1.163)
By = EY+8, (1.164)
where
1 2
S = 5 A2+4|H12| —A
> 0 (1.165)
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and A = E§ — EY.

To find the corresponding eigenvectors, we insert these energy levels, one at a time, in
equation (1.156), and then use UTU = 1. For example, in the case of F; equation (1.156)

yields

(EY — B1) Uiy + Hi2Usn
H}{,Un + (B9 = E1)Usy = 0,

of from the second of these equations

while the unitary condition (3_; US;Uj, = di) adds the constraint

1 = UjUn +UzUxn

_ o |1 Sl
O (S+A)
r 2
[\/A2+4]H12\2+A} +4|Hpof?
2
= |Un| 5
{\/A2+4’H12‘2+A:|

9 \/A2+4’H12‘2
= |Up|*2
VA2 +4|Hpp* + A

(1.166)
(1.167)

(1.168)

(1.169)

We are certainly at liberty to write Hys = |Hjs| €', and we find that (choosing Uy; to

be real)
Cy = Un
1/2
o,
\/i \/A2—|—4|H12|2
C. = Uy
= ei‘lsy/l—Ulz1
” 1/2
g A
_
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where the sign and phase of C_ (and Us;) are dictated by that of Hia through equation
(1.168). A similar exercise for Fy can be shown to yield Uy = Uy = C4 and Ujp =
—Uj,; = C_. The eigenvectors are thus given by (see equation (1.154))

|U1> = Up ‘u(l)> + Un ‘Ug>

= Cy|ul) —C* |ud) (1.172)
lug) = Uz |uf) + Usg [u9)

= C_|u}) +Cy |uf). (1.173)

Let’s now concentrate on cases where Hyg is real and small, i.e., Hjy = Hio < A. We
can then calculate the following approximations

\/ A2+ 4 ’H12|2 — A:|

2H%,
+ 2 ) _ A]

N
>
7 N
—_

m N~ N

=
[\

12

(1.174)

1/2

A
1+
\/Az +4|H12|2
2H2,\1"*
i+ (1-%2))

HY,
2A2

1

(RS e =

12

(1.175)

and

1/2

12
Sl
[N}
1
—_
|
N\
—_
|
D [N
N———
1
—
~
no

12
|

(1.176)

We see that the amount by which the states }u(l)> and ’u8> mix to form the new
eigenvectors is a function of both His and A. The smaller their ratio (i.e., Hia/A) the
more the states and energies of the true Hamiltonian resemble that of the unperturbed
two-level system. It is also apparent that the perturbation has for effect to increase the
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energy difference between the two levels (from equations (1.163)-(1.164) and (1.174)).
Note that when the unperturbed system is degenerate (i.e., A =0), then C;. = C_ =1
and S = ‘ng‘.

1.7 The Heisenberg Representation

Everything we have covered so far was done in the so-called Schridinger representation,
where quantum mechanical calculations are done using the Schrédinger equation. With
this formalism, we saw that the time evolution of a quantum mechanical system is con-
tained in the state (or wave function) characterizing the system. We now introduce the
Heisenberg representation where the time dependency is transferred to the observables.

Let us start with |¢)g (¢)) the time-dependent ket representing a quantum mechanical
system and some observable Os, both in the Schrodinger representation. We already
know from equation (1.53) that we can express the time evolution of the system using
the unitary operator

U, = e~ iH/n (1.177)
such that

¥ (1)) = Ut s (0)) . (1.178)

Evidently, the ket |1g (0)) evaluated at t = 0 is independent of time and we will from
now on make this explicit by defining

[vu) = |95 (0)) - (1.179)

We now consider the expectation value
(65| 0s|vs®) = (vu
= <¢H

01050 | n
Ou (1) | ¥ ) (1.180)

where we have introduced the time-dependent operator

Ou (t) = U/ OsU. (1.181)
The time derivative of the left-hand side of equation (1.180) yields

G (s 0] 0s]us ) = [ tws(0l] Oslus ) + ws (0105 | Ios (o)

+(us )| 505 [vs () (L152)

while upon using the Schrédinger equation (1.52),
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G (s @]0s]us ) = [~ (s 18] Oslvs () + (s (0105 | 1w 0)]

¢s()>

= (vn | U7 EOSUL | o) + = (wn| O O, | v

+ <¢H

But since [Ut, fl] = 0 we can write

+ <?/)s (t) gtOS

0
w&%m

¢H> (1.183)

(s ]0s|vs@) = (uu| {5 [Ou. 8] + Hou}|um). (a8
where
o A + 0
aOH =0/ 8tOSUt (1.185)

Referring once again to equation (1.180), it is clear that we also have

< (ws]0s|vs ) = 5 (vu| On6)] vt

d
= <¢H 50 () ?/)H>, (1.186)
and, comparing with equation (1.184),
d ~ 0 A
S0u (1) = — = o). 8] + O (1.187)

In cases where Og does not explicitly depend on time dOg /ot = 90y /Ot =0, and we
obtain the so-called Heisenberg equation

%OH (t) = % [OH (t) H] . (1.188)

It is important to stress, as was made clear from the previous derivation, that the
Schrédinger and Heisenberg representations are equivalent formulations of quantum me-
chanics and yield the same expectation values for observables and time evolution for a
quantum mechanical system. The main difference being that the time dependence was
transferred from the state vector (for Schrodinger) to the observables (for Heisenberg).
Finally, the Heisenberg equation makes it obvious that an observable that commutes with
Hamiltonian is a conserved quantity, since its time derivative then equals zero.
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Exercise 1.6. Let us consider the one-dimensional quantum mechanical harmonic os-
cillator, which has the following Hamiltonian

. 1 H2

where m and w are, respectively, the mass of the particle and its frequency of oscillation.
Derive the relevant dynamical equations using the Heisenberg representation.

(1.189)

Solution.

Although it would possible to solve the Heisenberg equations corresponding to this
problem using Z and p,, we will approach it from a different point of view. More precisely,
we introduce new generalized conjugate canonical variables

Q = Vmwi (1.190)
= (1.191)

and the so-called annihilation (or lowering) and creation (or raising) operators

i = \/;<Q+iﬁ’) (1.192)
it = %(Q—iﬁ), (1.193)

respectively. We can now verify the following relations

0.7 = [.5.]
= ihl (1.194)
[a,&*} - ;—h<—z [Q,P}H[P,QD (1.195)
= 1, (1.196)
and
ata = 2%(@—@15) (Q—HP)
- g (@rar)
1 o PE s
= 2h<mwx +mw_h1> (1.197)

or equivalently
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= hw <aTa + > . (1.198)

We see from equation (1.198) that although @ and a' are not Hermitian, afa is (and so
is aal).
Choosing a basis {|n)} where the Hamiltonian is diagonal, i.e.,

H|n) = E, |n) (1.199)

and

<m ‘ i ‘ n> = Epdun, (1.200)

we then verify that a'a is also diagonal with

<m ’ ata ’ n> - (fg - ;) S (1.201)

From equation (1.198) we can further calculate the following commutators

[ﬁ,eﬁ] - m[a*a,aq
—  hwat [&,aq
= hwal (1.202)
and
[ﬁ[, a] — — hwa. (1.203)

These equations can be transformed and applied to a state |m) with the following
results

i (aT |m>) - (aTﬁ + ma*) Im)
= (B +hw) (' m)) (1.204)
Halm) = (afl - hw&) Im)
— (B — hw) (a]m)), (1.205)

which imply that both &' [m) and a|m) are eigenkets of H with associated eigenvalues,
respectively, increased and decreased by hw from that of |m). Since the difference in
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energy between two adjacent eigenstates is iw and that, from the form of the Hamiltonian
in equation (1.189), the energy of the oscillator cannot be negative, the minimum energy
in equation (1.198) will be found to be E,, = hw/2 when a'a|m) = 0. If we ascribe |0)
to that minimum energy state, then we can introduce the number operator

N =afa (1.206)
such that
Nn) = alaln)
= njn). (1.207)

It is then easy to verify that

atln) = Vn+1jn+1) (1.208)

aln) = /nin-1), (1.209)
Nin) = af(aln))
= Vn (&T |n — 1>>
= n|ny, (1.210)

hence the previous definition of N as the number operator.

We are now in a position to calculate the dynamical equations that characterize the
evolution of the quantum mechanical harmonic oscillator from the application of equation
(1.188) (since @ and a' have no implicit dependence on time). We therefore have

da 1[ A}

dt ih

= —iwa, (1.211)

and

dat _(da'
dt \dt

= qwal. (1.212)
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It follows from equations (1.190)-(1.193) that
di _ R (da dat
dt V2mw \dt dt

= P (1.213)

and

dpe _ . [hmw (da  dat
a N\ T
h 3

2
= —muwii. (1.214)

Incidentally, we should note that equations (1.213) and (1.214) are in agreement with
the general result (which you should try to prove) stating that

di oH
= = 1.215
dt OPq ( )
dpy OH
—_— = ——=. 1.21
dt oz (1.216)
We can further verify that
2 A A
iz 1jdE g
dt? ih | dt
1 .
= T Awa Hi|
ihm [
_ Ldpe
 om dt
= —uwiz, (1.217)
which when combined with equation (1.213) yields
&+ w?i = 0. (1.218)

This equation is similar to the one found for the classical harmonic oscillator. It is
interesting to calculate the following matrix elements
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<m ‘ <:c n w%) ) n> = Fpn + W T, (1.219)

which requires us to determine Zp,,. This is accomplished using the Heisenberg equation
for a given operator Oy
n>

)
< [Zlh OHH HOH>]

0

|
(E E,)
uomn
h
= iwmnOmn, (1.220)
where
Winn = (E’”;E”) (1.221)

Differentiating one more time we find

oo = (o] ()

")

= Zwmnomn
= _wgmomn, (1.222)
and therefore
Ermn = —W2,, .- (1.223)

Combining equations (1.219) and (1.223) yields

(w? = win) Zmn = 0, (1.224)
which implies that w = £wy,, or through equation (1.221)

E,, — E, = +hw. (1.225)

This result is consistent with what was found earlier with equations (1.207) and (1.208),
namely that the energy of the oscillator is quantized and changes by steps of energy fw
between adjacent levels.
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